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Abstract: Proxels ("probability elements") were recently introduced as a new algo-
rithmic approach to analysing discrete-state stochastic models such as are represented 
by stochastic Petri nets or queueing systems. Usual approaches for this type of analy-
sis are discrete-event simulation and solving partial differential equations derived 
from continuous-time supplementary variables. Both of these techniques have ad-
vantages and disadvantages. The proxel-based method provides a new way to simu-
late stochastic models and is designed to avoid the biggest disadvantages of each of 
the two existing approaches.  

The proxel-based method is deterministic, as opposed to discrete-event simulation, 
which uses a random number generator to imitate the random variables in the model. 
It thus avoids the problems associated with Monte-Carlo simulation such as the need 
for many replications in the presence of rare events. This paper focuses on the de-
scription of the analysis of stochastic models using the proxel-based method. Simula-
tion experiments are used to demonstrate the behaviour of the method, and its ad-
vantages and disadvantages are discussed. 

Keywords: proxel-based simulation, discrete stochastic models, supplementary vari-
ables, stochastic Petri nets.  

1 Goals of the paper 

The goal of this paper is to introduce the proxel-based method and emphasize its main 
characteristics. The method is a new approach to analysing stochastic models. It is 
intuitive and easy to understand because it traces all of the possible developments of 
the model in a natural way and correspondingly distributes probability. Our idea is to 
prove this feature of the method as well as show what the other its advantages are 
over the traditional approaches. We presume basic knowledge of theory of Petri nets. 

2 Proxel-based Method 

Proxel-based method is a numerical approach for analysing stochastic models which 
implements the method of supplementary variables in a way that the partial differen-
tial equations are completely avoided. This is achievable by employing the instanta-
neous rate function which determines the rate with which one event can happen based 
on the time that the event was scheduled to happen. Prior to every proxel-based simu-
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lation, the size of the time step must be determined. This should be arranged in coor-
dination with the distribution functions, such that the time step is small enough to 
capture the rates of the possible state changes. 
Proxel is a unit that depicts every state of the system in a complete way. This means 
that each proxel contains sufficient information to generate its successor proxels, or in 
other words to be able to determine how the model could behave from there on. The 
information that was found to be necessary and each proxel contains is the following: 
• Discrete state of the model, 
• Age intensities of the possible state changes, which state for how long each of the 

possible state changes has been waiting to happen; they are necessary to deter-
mine the probability that each of the state changes could happen, 

• Global simulation time, which gives the absolute time point from the beginning 
of simulation, 

• Route, which describes the sequence of states via which the model has reached 
the actual state, and 

• Probability, that the system is in that discrete state having the concrete age inten-
sities and having been reached via the sequence of states stated in the route 

We also define the term state as the vector composed of the discrete state of the sys-
tem and the age intensities of the relevant state changes. 
As a consequence of all said above, proxels have the following format: 
Proxel = (State, Time, Route, Probability), where 
State = (Discrete State, Age Intensity Vector) 
Since the proxel stores the necessary information to describe any situation of the 
model, the initial proxel that describes the initial position of the model has the follow-
ing form: 
Initial Proxel = (Initial State, 0, ∅, 1.0), where 

Initial State = (Initial Discrete State, 0 ) 
Once the initial proxel is generated, the simulator generates its successors based on 
the possible state changes and accordingly updates the age intensity vector and calcu-
lates its probabilities. In the proxels which represent different discrete state from the 
initial one, the appropriate age intensity is reset. The age intensities of the proxel that 
represents the model staying in the initial discrete state in the next time step, are in-
cremented by the size of the time step. In this case the possible state changes are ag-
ing which usually increases the probability with which they might happen.   
Once the second generation of proxels is computed, the first one can be entirely 
thrown away. The completeness of the information in the proxels approves this step. 
The next (third) generation is computed in the same way as the second one, except 
that the successor-creation process is now performed for more than one proxel. This 
procedure is carried out repeatedly until the predetermined end of the simulation time 
is reached. The structure that represents the generations of proxels as well as their 
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relations (in terms of successors and predecessors) will be referred to as proxel tree. 
During the calculation of each generation of proxels, there may occur many proxels 
which represent the same state. In the case where such proxel is generated (not for the 
first time), it is not stored as new proxel, but instead the definition of the existing one 
is extended. Its route now is extended to the union of all the routes (until now) that 
lead to that state; the probability is set to the sum of the corresponding proxels’ prob-
abilities. The proxels that have null (or negligible) – probabilities are not stored.  This 
leads to the conclusion that usually at some stage the width of the proxel tree reaches 
it maximum. This is so because most of the distribution functions have limited range 
of non-negligible values, i.e. if a state change is distributed according to a function 
other than exponential, usually it has a limited time within which it can happen with a 
non-negligible probability. The limit in the proxel-based method is determined dy-
namically which we believe is an essential advantage of the approach compared to the 
standard deterministic approaches (eg. Markov chains).  
We will use a very simple example to demonstrate how the proxel-based simulation 
works. 

BA

FBA

FAB  

Fig. 1: Example state diagram 

Let A be the initial discrete state of this simple model and dt the size of the time step. 
There is only one age intensity that should be memorised in each proxel. In A it is the 
age intensity of the state change distributed according to FAB, and in B it is the one 
distributed according to FBA. The initial proxel for this model is the following: 
((A, 0), 0, ∅, 1.0) 
In the next time step the model can either stay in the discrete state A or change to state 
B, in which case the age intensity is reset and now it tracks the age of the state change 
associated with the distribution function FBA. The proxels that are generated are the 
following: 
((A, dt), dt, ((A, 0)), 1.0- probability) and ((B, 0), dt, ((A, 0)), probability) 
The probability is calculated from the instantaneous rate function (µ(τ)) with the age 
intensity (τ) as a parameter, multiplied by the size of the time step: 
probability = µ(0)*dt 
In general instantaneous rate function can be computed as: 

µ (τ) = 
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τ
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where f is the density function and F is the cumulative distribution function. 
Now, let us observe the both generated proxels and generate their successors. From 
the first one, ((A, dt), dt, ∅, 1.0- probability), the following two can be computed: 
((A, 2dt), 2dt, ((A, 0), (A, dt)), *) and ((B, 0), 2dt, ((A, 0), (A, dt)), *). 
The second proxel from the second generation, ((B, 0), dt, ((A, 0)), probability), de-
termines the following successors: 
((A, 0), 2dt, ((A, 0), (B, 0)), *) and ((B, dt), 2dt, ((A, 0), (B, 0)), *). 
The probabilities are omitted for reasons of simplicity. The are, however, computed in 
the same manner as previously. 
It can be realised that we make one very important assumption in our approach. That 
is, we suppose that the model does at most one state change within time of dt. The 
assumption is ultimately correct when dt → 0, which means that the smaller the time 
step, the higher accuracy can be achieved. 

3 Features of the Method 

The proxel-based method was recently introduced. As it is a new approach it took 
some time and experimenting until some of its important features became visible. The 
goal of this section is to summarise those features and based on them, define the class 
of problems for which it is useful. 

3.1 No Requirement for Limitation of the State-Space 

Real-life processes do not always have the feature of having limited discrete state 
space. Petri nets are able to represent this class of models and that is why we use them 
for illustration of one important feature of the proxel-based simulation, namely the 
ability to operate on the Petri net directly, without having to create the reachability 
graph. This means that there is no requirement for bounding of the state space to ana-
lyse the model. We will illustrate by an example what this attribute means. The most 
representative and at the same time simplest example for the above described situa-
tion is an endless queue. The Petri net for the queue is shown in Fig. 2. 

T1 T2 T3

P1 P2

 

Fig. 2: Petri net for an unlimited queue with one server 

Instead of building the reachability graph, the proxel-based method would operate 
directly on the Petri net, i.e. creating for each marking the set of reachable markings 
on the fly. 
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(0,0)  p=1.0

(1,0)  p = µ1(0)dt

(0,0)  p = 1-µ1(0)dt

(0,1)  p = µ1(0)dt

(0,1)  p = µ1(0)dt-a-b

(0,0)  p = b

(1,1)  p = a

(1,0)  p = c (0,1)  p = c

(0,0)  p = 1-µ1(0)dt-c

0 dt dt 2dt 2dt

 

Fig. 3: Proxel-based illustration of the initial part of the state space 

This means that the reachability graph is dynamically created as the proxel-based 
simulation advances in time. This feature makes one important (and problematic) 
class of models to become analysable in a deterministic manner, i.e. the class of un-
bounded Petri nets. In Fig. 3, the initial levels of the corresponding proxel tree are 
shown, the age intensity variable is omitted for simplicity of the figure. The rectangle-
marked markings represent vanishing markings. 

3.2 Supplementary Variables not Limited to Age Intensities 

As we already mentioned, state in proxel-based terminology is the vector made up of 
the discrete state of the model (in Petri nets’ terminology - marking) and the age in-
tensities of the relevant transitions for that marking. Relevant transitions are all con-
currently enabled transitions which have enabling memory policy, as well as the age 
memory policy transitions whose age intensities need to be remembered. Those addi-
tional components to the state of the model are so-called supplementary variables. 
The advantage of the proxel-based method is that the supplementary variable can also 
be of discrete type and can be used for tracking any quantity relevant for the model 
analysis. Those additional variables can also be parameters of the instantaneous rate 
function which determine the probability of a state change happening. Typical exam-
ple for this situation is a model of a machine failure where the failure is also a func-
tion of the number of times that the machine has failed previously. As it was already 
explained in the previous subsection, the number of failures does not need to be lim-
ited. 
In the following we would like to illustrate this feature by an example. The example 
model is the following: a machine which fails where the probability of failing is also 
dependant on the number of times that it has failed before, besides the age intensity of 
the transition that models the failure. The Petri net for this example is shown in Fig. 4. 



46 Proceedings of the 4th International Conference on Informatics and Information Technology 

 

OK Failed

TF

TR  

Fig. 4: Petri net representation of the machine failure model 

For this model we could also add a place in the Petri net that would count the number 
of failures. A typical deterministic approach would imply bounds on both, the number 
of failures and the age intensities. The proxel-based method is free of those limita-
tions and the bounds are computed dynamically based on the probabilities for the 
state changes happening. When the probability for a state change to happen becomes 
negligible, i.e. bellow a certain threshold (in the ideal case equal to zero), that means 
that the dynamic bound of that parameter has been reached. A proxel Px for this ex-
ample would have the following format: 
Px = (Marking, Age Intensity, #Failures, Time, Route, Probability). 

3.3 Smooth and Transient Solutions, Extrapolation Possibility 

The solutions that the proxel-based method provides are complete in discretised time. 
They are transient and smooth for all discrete states of the model. After some experi-
ments were performed, it was realised that the solution values obtained using different 
sizes of the time step were converging in a regular fashion towards the true solution. 
This fact was employed and using polynomial extrapolation (eg. Lagrange’s) of more 
solution points (obtained with different time steps) a better approximations of the so-
lutions were provided in less computation time. This, until now, gave very good re-
sults in the practical application of the proxel-based method. 
In order to show this we would use the model in Fig. 4, where TF ~ Exponen-
tial(0.001) and TR ~ Uniform(10,30). Lets observe the solution value at time T = 25 
for the discrete state OK for different sizes of dt. In Fig. 5 the monotonous conver-
gence the solution values can be noticed (in this case even linear). By performing 
polynomial extrapolation, a more accurate solution can be provided which is closer to 
the true solution value. This is shown in Fig. 5, where the y-coordinate of the point 
where the extrapolated line cuts the y-axis is the solution value when dt → 0 . This is 
a very important feature of the method which suggests that it is not necessary to per-
form simulations with tiny time steps, which are very expensive both in computation 
time and memory, in order to get more accurate results. The accuracy can be in-
creased by increasing the number of solution values for different time steps. 
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Fig. 5: Extrapolation of the solution values obtained with different sizes of the time 
step 

Controlling the accuracy and automating the choice of the size of the time step is the 
direction in which our future research plans are progressing. 

4 Summary and Outlook 

The proxel-based method is a very young approach for analysing stochastic models. 
Therefore the number of open issues and further research ideas is large.  
Its usefulness was recently proven on a model for warranty analysis which is used by 
DaimlerChrysler corporation. This was one of the first real applications of the meth-
od. For this model, the discrete-event simulation which was used until now resulted in 
computation times of magnitude of 20-30 hours. The proxel-based method on the op-
posite was computing results with comparable accuracy within seconds. This experi-
ments gave “green light” to further applications of the method in cooperation with 
DaimlerChrysler. 
Another class of problems for which the proxel-based method was shown to be very 
efficient are the fault trees. We built a tool that performs proxel-based analysis of 
fault trees and the results were very encouraging. There, the basic events are repre-
sented as small stochastic models and the analysis results in complete and transient 
solutions. 
From all of the above said, it can be realised that there are already classes of problems 
for which the proxel-based method was much more efficient than the traditional ap-
proaches. However, one of the biggest advantages of the approach is that until now 
we have not found restrictions in its applicability. This means that a big number of 
classes of stochastic models can be analysed. The efficiency is still an issue for some 
of them and is a subject of future research. However, the implementation of a general-
ized proxel-based solver is already in progress. 
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