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Abstract�This paper is concerned with the nonparametric
estimation of a density function when the data are incomplete
due to fuzzyness. The aim is to contribute to better description
and presentation of density distribution of non-precise data. The
histogram density estimator is modi�ed to allow description of
such data. An interactive R application is developed to explore
different estimates.

Index Terms�fuzzy data, histogram density plot, nonparamet-
ric density estimation

I. MODELING OF DISTRIBUTION

Let X be a continuous random variable and f its probability
density function (pdf). Specifying the pdf we have a natural

description of the distribution of X on the universe U . From
the pdf we can also calculate the mean and variance of X (if

they exist) and the probability that X will take on values in

a certain interval. The pdf is, thus, very useful to characterize

the distribution of the random variable X .
In practice, the pdf of some observable random variable

X is in general unknown. When it cannot be speci�ed, an

estimate of this density may be performed by using a sam-

ple of n observations independent and identically distributed
(X1, . . . , Xn) of X . We shall assume that the n observations
are independent and that they all indeed come from the same

distribution, namely f(x). That is, we will be concerned with
estimating f(x) based on such a sample of data.
Nonparametric density estimation allows the form of the

density to be determined entirely by the data. The resulting

estimator is called empirical density function (edf). Common

methods assume the observations to be exact numbers or

vectors. That is, assuming continuous distribution, we �be-

lieve� that observed data are real numbers. Nevertheless it is

not possible in practice, data rounding to rational points is

usually small enough and most of the mathematical models

are applicable without loss of precision. The literature on

nonparametric density estimation spans the modern era of

statistics. Several excellent books are devoted to the theory

and practice of nonparametric density estimation with usual

continuous assumption, i.e. [4], [6] and [5]. Many of the

important applications of density estimation are to description

of bivariate data, but since all the multivariate methods are

generalizations of univariate methods, it is worth justifying

the univariate case �rst.
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The exact observing is often not realistic assumption be-

cause measurement results of continuous quantities are always

not precise numbers but more or less non-precise. The impreci-

sion could be quite large regarding variable values. This kind

of uncertainty is different from errors and variability where

the errors are relatively small. Whereas errors and variability

can be modeled by stochastic variables and probability dis-

tributions, imprecision is another kind of uncertainty, called

fuzziness.

Unlike fuzzy logic where the interest is logic with fuzzy

concepts, in this paper we are facing statistics with fuzzy data.

Based on fuzzy data description, density estimation has to be

adapted. For a quantitative description of fuzzy data the most

up-to-date method is to use fuzzy numbers and fuzzy vectors

which are special fuzzy models (see [1]).

By fuzzy data we mean imprecise data which are recorded

as interval-valued observations in which data consist of inter-

vals rather than points of some domain of interest. Interval-

valued observations can arise in different contexts. For ex-

ample, rounding of a number with �xed decimal digits is an

interval (which is symmetrical around the rounding point and

contains the true value). Here, we are interested in the observed

intervals themselves.

A fuzzy set is characterized by its characteristic function

that indicate the membership grade of an element of U in the
set in question. Larger values denote higher degrees of set

membership. Such a function is called membership function,

and the set de�ned by it a fuzzy set.

Our aim is to involve non-precise data in a classical his-

togram density estimator in order to extent this notion for

fuzzy data. This is possible and explained in the paper. Clearly

if fuzzy sets can be de�ned they should generalize crisp sets.

The concept of membership in crisp sets will be extended

to accommodate for partial membership, i.e. with degrees of

membership varying gradually from 0 to 1.

In section II we describe the statistical meaning of fuzzy

data. In section III the classical histogram density estimator

is described. Then in section IV the modi�ed estimator is

proposed to allow histogramming of fuzzy data.

In the last section a real data set will be used to illustrate

the method. It comprises the dates of origin of 807 mediaeval

manuscripts.

The R implementation of proposed histogram is in interac-

tive graphic environment. The program uses the tcltk package

[3] to provide simple functions for building of a control panel
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for the graphics. The user can change number of bins by a

slider and explore different shapes of the distribution.

II. COARSE DATA AND FUZZY SETS

Coarse data refer to data with low quality. We run into

this type of data in situations such as missing data, censor

data (say, in survival analysis), and grouped data. It is the

dif�culty in observing accurate data that leads to coarse data.

This might happen in performing random experiments as well

as observing random phenomena in nature.

Speci�cally, suppose the random vectorX of interest cannot

be observed with accuracy. The statistician then tries to extract

as much as possible useful information about the values of

X , say, by localizing them in �observable� subsets of U . In
other words, when we cannot subsets of X with accuracy,

we coarsen its space of values, i.e., replacing U with some
collection of subsets of it, called a coarsening scheme.

Formally, suppose our random variable X of interest takes

values in U . Suppose X cannot be observed directly but its

outcomes can be located in a �nite partition τ1, τ2, . . . of U
which is independent of X . A such partition is referred to as
a coarsening of X . De�ne

R = inf {τj : τj ≥ X} , L = sup {τj : τj ≤ X} .

The conditional density of X given the interval Y = [L,R]
is then

f(x|Y ) =
f(x)∫

Y
f(u) du

, x ∈ Y. (1)

For each Xi the corresponding interval Yi may be de�ned

on a different partition of X . The conditional density is itself
unknown.

Now, let the random sampleX1, X2, . . . , Xn fromX cannot

be observed, but each Xi can be located in one of the

elements Aj of a measurable partition {Aj , j = 1, 2, . . . ,m}
of ❘. Thus the coarse data associated with X1, X2, . . . , Xn

is A1, A2, . . . , An (where Xi ∈ Ai, almost sure). Put it

differently, let A1, A2, . . . , An be a partition of ❘. Suppose

each value ofX can be located in exactly one of the Ai�s. Then

the problem of coarse data is modeled by a (�nite) random set

S taking values in {A1, A2, . . . , An} with

P (S = Ai) = P (X ∈ Ai), , i = 1, 2, . . . , n.

It is clear that the relation between the variable X and its

coarsening scheme S is that X is an almost sure (as) selector

of S, i.e., P (X ∈ S) = 1.

Fuzzy sets are generalization of classic (crisp) sets. In

the classical set theory an element x is either a member or
nonmember of B, subset of universe U . A set is characterized
by its indicator function (also called characteristic function),

that declares which elements of U are members of the set and
which are not. Set A is de�ned by its characteristic function

µB : U → {0, 1}, as follows:

µB(x) =

{
1, if x ∈ B
0, if x /∈ B

A characteristic function of a crisp set assign a value of either 1

or 0 to each individual in universal set, thereby discriminating

between members and nonmembers of the crisp set under

consideration.

The histogram density estimators is based on accumulation

of indicator events, linked to the ability to decide whether

the observation X belongs to a subset B of U , the universe,
or not. This decision is equivalent to the question whether

it is true that X ∈ B or not (this is a binary question).

However, in many practical cases, this question cannot be

precisely answered. A reasonable solution consists in using a

scale whose elements would express various degrees of truth of

X ∈ B, and A thus becomes a fuzzy set. The most commonly
used range of membership values of membership functions is

the unit interval [0, 1].
In view of the bijection between sets and their membership

functions, we should try to formalize the concepts and use

these generalize membership functions to de�ne fuzzy sets.

The concept of membership in crisp sets will be extended

to accommodate for partial membership, i.e. with degree of

membership varying gradually between 0 and 1. In section

IV an appropriate membership function is de�ned to allow

extension of the standard histogram estimator.

The relation between values of a variable X , which is
not directly observable, and fuzzy sets is that we can de�ne

a density estimator that compromises fuzzy histogram bins

and membership functions of the X-values with respect the
probability distribution of X .

III. STANDARD HISTOGRAM

In the study of the empirical density function (e.d.f.) the

�rst dif�culty is to �nd its best de�nition. Revesz [2] gives a

number of possible de�nitions of the e.d.f. based on a sample

with exact data from the underlying distribution.

Let X1, X2, . . . , Xn be a sequence of independent iden-

tically distributed random variables with a density f , i.e.
X1, X2, . . . , Xn is a sample of size n. Further, let [a, b] be an
interval of the real line and denote the number of the elements

of the sample X1, X2, . . . , Xn lying in the interval [a, b] by
Kn(a, b). The probability that an observation of X will fall

into the bin [bj −
h
2
, bj + h

2
) is given by

P

(
X ∈

[
bj −

h

2
, bj +

h

2

))
=

∫ bj+
h
2

bj−
h
2

f(u) du (2)

which is just the shaded area under the density between bj−
h
2

and bj+
h
2
. This area can be approximated by a bar with height

f(bj) and width h.

Then the probability

∫ b

a

f(t) dt can be estimated by the

relative frequency
1

n
Kn(a, b) (if n is big enough) while the

value f(x), (a < x ≤ b) can be estimated by
1

b− a

∫ b

a

f(t) dt.

Therefore an empirical density function (e.d.f.) in the interval

[a, b] can be de�ned by

f̂(x) =
Kn(a, b)

n(b− a)
, a < x ≤ b.
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The most commonly used nonparametric density estimator

is the histogram. Its historical advantage is the ease of cal-

culation � it can be reduced to putting registration notes into

bins. We assume a distribution F on the real line with density

f(x) and look at plots based on independent sample points
X1, . . . , Xn from this distribution f .
The construction of a histogram is fairly simple. It consists

in partitioning a given reference interval into speci ed number

of bins Bj and in counting the number of observations

belonging to each cell Bj . These are the steps:

• Select an origin x0 = 0 and divide the real line into bins

of binwidth h:

Bj = [x0 + (j − 1)h, x0 + jh), j ∈ Z.

• Count how many observations fall into each bin. Denote

the number of observations that fall into bin j by nj .

• For each bin divide the frequency count by the sample

size n (to convert them into relative frequencies, the

sample analog of probabilities), and by the binwidth h
(to make sure that the area under the histogram is equal

to one):

fj =
nj

nh
.

• Plot the histogram by erecting a bar over each bin with

height fj and width h.

More formally, the histogram is given by

f̂h(x) =
1

nh

n∑

i=1

∑

j

IBj
(Xi)IBj

(x), (3)

where

IB(x) =

{
1 if x ∈ B,
0 otherwise.

Note that formula (3) (as well as its corresponding graph, the

histogram) gives an estimate of f for all x. Denote by bj the

center of the bin Bj . It is easy to see from formula (3) that

the histogram assigns each x in Bj = [bj −
h
2
, bj + h

2
) the

same estimate for f , namely f̂h(bj).
The indicator function IB of a subset B of U is a member-

ship function in the sense that its values indicate whether a

point u in U is a member of A or not. Here, there are only two

degrees of membership: 1 for full membership and 0 for non-

membership. The correspondence between B (as a speci ed

collection of elements) and its membership function A is a

bijection. Since B is a mathematical entity well de ned, the

use of IB is often just a matter of convenience, i.e. without

IB we still can manipulate B. The situation is different for

fuzzy concepts. Now that in probability theory, sets are used

to describe events.

This is the natural way to de ne the empirical density

function.

The indicator function IBj
(·) of a bin Bj is a membership

function in the sense that its values indicate whether a point

x in U is a member of Bj or not. Here, there are only

two degrees of membership: 1 for full membership and 0

for non-membership. The correspondence between A and

its membership function IBj
is a bijection. The situation is

different for for fuzzy concepts. Now that in probability theory,

sets are used to describe events.

Fuzzy data are de ned to be the result of observing

continuous variables only up to the intervals containing the

true values. Such data arise in a number of natural ways.

In observing natural phenomena, we might not be able to

record correctly the values of locate them with some degree

of accuracy, or more generally, locate them in some regions

(subsets) of the sample space. Thus the observations are

present but not known! For any particular recorded value we

know that the true value belongs to some known interval

around this point. For details, see [1].

IV. EMPIRICAL DENSITY FUNCTION FOR FUZZY DATA

We will follow Revesz� [2] construction to de ne e.d.f.

based on a fuzzy data. The usual histogram density estimator

is modi ed to allow description of such fuzzy data. An

interactive R application is developed to explore different

estimates.

Let Y1, . . . , Yn be a sample of observed intervals, where

Yi = [Li, Ri]. We assume that each Xi has an equal impact

in the sample so the corresponding interval Yi = [Li, Ri]
should have. A common approach is to assume the conditional

distribution over the interval Yi to be uniform, i.e. we suppose

that Xi occurs at any point of the observed interval [Li, Ri]
equally likely and the total mass in the observed interval is

1/n.
Further, let B be a possible histogram bin, i.e. an interval

of the real line, and denote by Mn(B) the restricted mass of

all elements of the sample Y1, . . . , Yn into this interval. More

precisely, the restriction function is de ned as follow:

Notation: For a non-zero interval Y = (c, d) the restriction

function over an interval B = (a, b) is denoted by JB(Y )
and equals

JB(Y ) =






min(d, b)−max(c, a)

b− a
if B ∩ Y 6= 0

0, otherwise.

For two intercept intervals, the restriction function gives the

ratio of the length of the common part of the intervals to the

length of the second one (here (a, b)). Then Mn(B) is the

sum of all parts of the observed intervals:

Mn(B) =

n∑

i=1

JB(Yi).

De nition of histogram: Let

. . . < b−1 < b0 < b1 < . . .

be a partition of the real line such that

bi+1 − bi = h (i = 0,±1,±2, . . .).

The partition de nes a bin sets Bj = (bj , bj+1). Then the

histogram can be de ned by

f̂c(x) =
Mn(Bj)

h
for x ∈ Bj . (4)
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It can be easily veri�ed that the area of a histogram is indeed

equal to one, a property that we certainly require from any

reasonable estimator of a pdf.

Therefore an empirical density function (e.d.f.) in the inter-

val [a, b] can be de�ned by

f̂(x) =
Mn(a, b)

n(b− a)
, a < x ≤ b.

Fig. 1 gives an illustrative interpretation of equation 4 for

two observations, Y1 and Y2. On the left the observed mass

is plotted for each observation. The levels at vertical axes are
1

Ri−Li
, i = 1, 2, and assure unit mass for each of them.

Fig. 1. Restricting observed mass in a bin.

Further, the method calculates an estimate of the density

function in any bin [a1; a2] as follows. let a histogram bin is
such that L1 < a1 < L2 and R1 < a2 < R2 (see right plot on

Fig. 1). Both observed intervals , Y1 and Y2, partially cover

the bin [a; b]. The part from Y1 is
R1−a1

R1−L1

and the part from

Y2 is
a2−L2

R2−L2

. Therefore

f̂(x) =
R1 − a1

R1 − L1

+
a2 − L2

R2 − L2

, a ≤ x ≤ b

is the total mass of the sample into interval [a1; a2].
The two observed intervals Y1 and Y2 cover partially

[a1; a2]. The remaining mass out this bin is used to estimate f
in the neighbor bins. Two adjacent bins [a0; a1] and [a2; a3]
are partially covered by Y1 and Y2. Fig. 2) gives an illustration

of the density estimate in the three bins which contain part of

observed mass of Y1 and Y2. The mass in [a0; a1] is
a2−L1

R1−L1

while the mass in [a2; a3] is
R2−a3

R2−L2

. The total observed mass

over these 3 bins is obviously 2.

Fig. 2. Restricting observed mass in three bins.

The special case when an observed interval entirely belongs

to an histogram bin, the restriction gives usual counting of 1

for this bin.

V. INTERACTIVE CHOICE OF BINWIDTH

In this section the method considered in this paper is

applied to a sequence of 807 intervals of �Notbefore� and

�Notafter� dates of origin of mediaeval manuscripts1. Figure

3 represents the data as line segments with length equal to

the observed interval length R− L and height approximately
proportional to log(1/R − L). The two values �Notbefore�
and �Notafter� are common in catalogue descriptions and

speci es the interval [L, R] for possible origin of the item.

The exact dated documents are less that 25% of the data and

are depicted at the top level on the Figure 3. The histogram

density estimation is applied to a sequence of 807 intervals of

this type.

Fig. 3. Raw interval data for medieval manuscripts.

A very natural desire is in the informal investigation of the

distribution of manuscripts over time. Here density estimates

can give valuable indication of such features as skewness and

multimodality in the data. Multimodality of an estimate is

of interest in describing chronology data, since they specify

possible historical upward and downward trend periods of

society development.

The performance of f̂(x) depends critically on the choice

of binwidth h that controls the smoothness of the estimates.

There are various methods proposed for automatic selecting

an optimal choice for complete data and often it minimizes

some error functional. Note, that any automatic choice of the

smoothing parameter should be view as a benchmark, and need

to be adjusted based on subjective impression.

The R implementation of proposed histogram is in interac-

tive graphic environment. The program uses the tcltk package

[3] to provide simple functions for building of a control panel

for the graphics. The user can change number of bins by a

slider and explore different shapes of the distribution.

Figure 4 illustrates the real-time evolution of the fuzzy

histogram density estimator. A snapshot of the estimators

obtained for 12 is shown.

1The data were collected during the work on the KT-DigiCult-Bg project
(MTKD-CT-509754, Marie Curie Programme, FP6). I am most grateful to
Milena Dobreva for making this data set available to me.
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Fig. 4. Interactive exploring of different fuzzy histograms.

The general aim of exploratory data analysis is to  nd inter-

esting features in data, and to bring them to human perception.

It depends on the context and on our intentions to say what

is an interesting feature. Using appropriate density plots, i.e.

appropriate density estimates, we might get information about

the relative location of the mean, or about the skewness, or

many other details. We should try to incorporate all available

information from data, i.e. fuzziness of the observation to

derive good enough estimate of the density or other distri-

bution properties. Full information is not presented in any

single graph, but we can examine many graphs by some easy

interactive plot tool.

Finally, the drawback of nonparametric methods for density

estimation is, that they do not reduce the space, but instead

all data points have to be kept in computations. This is

undesirable, as especially in image retrieval the matching has

to be performed very often. Exploring different density plots,

i.e. different density estimates, we aim to suggest appropriate

parametric model of the distribution. In the parametric density

estimation the model is fully speci ed by a parametric family

and only a  nite set of parameters is unknown. Hence,

estimating the density is a problem equivalent to estimating

the parameters an consequently the computational issues in

parametric model are much less than in nonparametric.
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