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ABSTRACT
Quasigroups as algebraic structures are very suitable for
construction of cryptographic primitives. There are several
classifications of quasigroups. Most of them are made for
binary quasigroups.
In this paper we consider ternary quasigroups of order 4.
In order to obtain some suitable classification useful for
designing cryptographic primitives, we investigate the
structure of ternary quasigroups. Using some known
classifications of binary quasigroups we give a classification
of ternary quasigroups of order 4.
Keywords: quasigroups, ternary quasigroups, classification
of quasigroups
I.

INTRODUCTION

The finite quasigroups are algebraic structures that are used in
many theories like cryptography, coding theory and design
theory. Their application in cryptography is rapidly growing.
The structures, properties and their large number allow them
to be applied in this field. Nevertheless, not all quasigroups
are suitable for constriction of cryptographic primitives.
There are some quasigroups that usually produce undesirable
properties of designs. For cryptographic purposes quasigroups
have to be of a good quality. This implies that for successful
application of quasigroups it is very important to know which
quasigroups have good properties for some designs. The
classification of quasigroups is a difficult problem, because
the number of quasigroups of order n LVWRRELJ
In this paper we consider the ternary quasigroups of order 4.
We investigate the structure of ternary quasigroups and using
the classifications of binary quasigroups given in [2], [3] and
[4] we give a classification of ternary quasigroups of order 4.
Our goal is to find some good classification that separate
ternary quasigroups of order 4 with good cryptographic
properties from those with poor cryptographic properties.
A brief introduction to the notions of quasigroup and nquasigroup are given in section 2. In section 3 we describe
the method for ordering the finite n-quasigroups. The
classification of ternary quasigroups of order 4 by their
structures is given in section 4.
II. QUASIGROUPS AND n -QUASIGROUPS
A quasigroup (Q, ) is a groupoid (i.e. algebra with one
binary operation on the set Q ) satisfying the law:
(u, v  Q)(! x , y  G)(x u v  u y

v)
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In other words the equations x u v and u y v for each
given u, v  Q have unique solutions x, y .
Latin square is equivalent combinatorial structure to
quasigroup. A Latin square can be associated to any finite
quasigroup (Q, ) given by its multiplication table. It consists
of the matrix formed by the main body of the table,
since each row and column of the matrix is a permutation of
Q . Conversely, each Latin square L on a set Q gives rise up
to Q !2 different quasigroups (depending on the bordering of
the matrix of L by the main row and the main column of the
multiplication table).
An n-groupoid (n t 1) is algebra (Q, f ) on a nonempty set Q
as its universe and with one n-ary operation f : Q n o Q [1].

An n-groupoid (Q, f ) is said to be an n-quasigroup if any n of
the elements a1 , a2 ,..., an 1  Q , satisfying the equality
f (a1 , a2 ,..., an ) an 1 ,

uniquely determine the other one.
A unary (Q, f ) is in fact a permutation on the set Q .
Equivalent combinatorial structure to n-quasigroup is n-Latin
square. Let Q {1,2,..., r } , for r ! 0. An r u... u r -matrix
n

L [li1 ,..., lin ] such that for each i1 , i2 ,...i j 1 , i j 1 ,..., in and for

each

j

the

(i1 ,...i j 1 , i j 1 ,..., in ) -th

(li1 ,...i j1 ,1,i j1 ,...,in , li1 ,...i j1 ,2,i j1 ,...,in ,..., li1 ,...i j1 ,r ,i j1 ,...,in

row
of

L

vector
is

a

permutation of Q . The main body of the multiplication table
of an n-quasigroup (Q, f ) is an n-Latin square (see [8]).
Conversely, from an n-Latin square we can obtain an nquasigroup, by its bordering. (Note that a 1-Latin square is
a permutation of Q , a 2-Latin square is a Latin square and
a 3-Latin square is a Latin cube.)
III. ORDERING OF FINITE n -QUASIGROUPS
The problem of enumerating the set of n-quasigroups of given
order r is well known problem. Up to day, is already known
the number of binary quasigroups of order r  11, the
number of ternary quasigroups of order r   DQG  WKH
number of n-quasigroups of order r IRUn = 4, 5 (see [10]).
For computing purposes we present the set of nquasigroups of order r linearly and we order them
lexicographically as follows. We take that the universe set is
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Q {1,2,..., r }, r ! 0 and that the n-quasigroups are given by
their n-Latin squares.
The unary quasigroups are linearly presented and
lexicographically ordered in a natural way, since its 1-Latin
square consists of only one permutation of Q . The linear
presentation of a binary quasigroup of order r is given by
string which consists of all its r linearly presented unary
quasigroups. In this way the linear presentation of an nquasigroup (Q, f ) of order r is given by string which consists
of all its r linearly presented (n-1)-quasigroups. Now, the
lexicographic ordering of the linear presentations of all nquasigroups of order r gives the ordering of the nquasigroups.
For our research we consider the ternary quasigroups (3quasigroups) of order 4. Their number is 55 296. We take
that the set is Q {1,2,3,4} and that the ternary quasigroups are
given by their Latin cubes. We use the lexicographical
ordering of binary quasigroups given in [2] and using the
method describe above we present a ternary quasigroup as a
string of 64 characters that is a concatenation of the rows of
the corresponding Latin squares. Then we apply the
lexicographic ordering of all strings obtained from ternary
quasigroups, assuming that the characters are already ordered.
Therefore, the linear presentation of the first ternary
quasigroup is the following:

1:
1234|2143|3412|4321||2143|1234|4321|3412||3412|4321|
1234| 2143||4321|3412|2143|1234
Using the lexicographical numbers of binary quasigroups, we
can see that the first ternary quasigroup is built up from the
1-th, 172-th, 405-th and 576-th binary quasigroups, when
they are arranged one above the other.
According to the previous for better vision of ternary
quasigroups of order 4 we present them graphically. On
Figure 1 is given graphical presentation of the ternary
quasigroup with lexicographic number 55296 (the last ternary
quasigroup).

IV. CLASSIFICATION OF TERNARY QUASIGROUPS BY THEIR
STRUCTURES
In this section we use two known classifications of binary
quasigroups and give a classification of ternary quasigroups.
First of them is the classification of quasigroups by
graphical presentation of sequences obtained by quasigroup
transformations given in [2] and [3], where two disjoint
classes are presented,
the class of so called fractal
quasigroups, and the class of non-fractal quasigroups. The
class of fractal quasigroup is not recommended to be used for
producing cryptographic primitives.
The second is the classification of quasigroups according to
their Boolean representation given in [4] and [7], where three
classes are presented, the class of so called linear
quasigroups, the class of non-linear quasigroups and the class
of pure non-linear quasigroups. In this classification the class
of linear quasigroup is not recommended to be used in
cryptography.
We consider the characterizations of these classifications and
we make a classification of ternary quasigroups of order 4.
In order to obtain some suitable classification useful for
designing cryptographic primitives, we investigate the
structure of ternary quasigroups. This means that in one
ternary quasigroup we consider all binary quasigroups and
made classification depending on their properties. In a
ternary quasigroup we consider all 12 binary quasigroups: 4
arranged one above the other (by y-axis on Figure 1), 4
arranged side by side (by x-axis) and 4 arranged one behind
the other (z-axis).
Using the classification of binary quasigroups by graphical
presentation of sequences obtained by quasigroup
transformations we analyze how many binary quasigroups in
given ternary quasigroup are ”fractal” or ”non-fractal” and
we made the first classification of ternary quasigroups of
order 4 given in Table 1.
Remark 1. In the tables bellow are given only the numbers of
elements in each class. The lexicographical numbers of
ternary quasigroups that belong in each class are given at the
following link: http://it.winhost.labs.ii.edu.mk/ups/classes.rar
Class
Cf

No. of elements in class

Cnf

21312

C sf

21888

Total

55296

12096

Table 1: Classification by fractality

C f is the class of ”fractal ternary quasigroups” - all 12 binary
quasigroups in ternary quasigroups are fractal,
Cnf is the class of ”non-fractal ternary quasigroups” - all 12
Figure 1: The ternary quasigroup 55296

binary quasigroups in ternary quasigroups are non-fractal,
C sf is the class of ”semi fractal ternary quasigroups” - 6
quasigroups are fractal and 6 are non-fractal, more precisely,
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2 of 4 binary quasigroups of each axes in ternary quasigroups
are fractal and 2 are non-fractal.
For this classification the following theorem and corollary are
true.

belong to the intersections of some of these classes. We made
these intersections and obtained more specific classes.
In Table 3 is given the classification of ternary quasigroups of
order 4 made as intersections of some of the classes

Theorem 1: Let (Q, f ) be a ternary quasigroup of order 4
build up from four binary quasigroups arranged one above
the other. If all four binary quasigroups are fractal, then the
four binary quasigroups arranged side by side and the four
binary quasigroups arranged one behind the other are also
fractal quasigroups.
Corollary 1: If in a ternary quasigroup all four binary
quasigroups arranged one above the other are non-fractal
(semi fractal), then the other eight binary quasigroups are
also non-fractal (semi fractal) quasigroups.
Using the classification of binary quasigroups according to
their Boolean representation we analyze how many binary
quasigroups in given ternary quasigroup are linear, non-linear
or pure non-linear and we made the second classification of
ternary quasigroups of order 4 given in Table 2.
Class

No. of elements in class

Cl

8640

Cnl

25920

C sl

20736

Total

55296

Table 2: Classification by linearity

Cnf ,nl

21312

Cnf , pnl

5760

8640

C f ,l is the class of ”fractal and linear ternary quasigroups” all 12 binary quasigroups in ternary quasigroups are fractal
and linear,
Cnf ,nl is the class of ”non-fractal and non-linear ternary
quasigroups” - all 12 binary quasigroups in ternary
quasigroups are non-fractal and non-linear and
Cnf , pnl is the class of ”non-fractal and pure non-linear ternary
quasigroups” - all 12 binary quasigroups in ternary
quasigroups are non-fractal and pure non-linear.
For cryptographic applications is good the class of “nonfractal and pure non-linear ternary quasigroups”.
Our additional research with these classifications was focused
on finding ternary quasigroups of order 4 which contain only
4 binary quasigroups, not 12. This means that the same 4
quasigroups are obtained by all axes. We obtained only 240
ternary quasigroups with this property. According to the
previous classifications the results are given in Table 4 and
Table 5.
Sub class

No. of elements

SubC f

96

SubCnf

48

SubC sf

96

Total

240

Table 4: Specific classification by fractality

quasigroups”. This class contains 6912 ternary quasigroups.

For application in cryptography or coding theory we are
searching for ternary quasigroups with good properties. For
this reason we are interesting for the ternary quasigroups that

No. of elements in class

Table 3: Classification by fractality and linearity

C l is the class of ”linear ternary quasigroups” - all 12 binary
quasigroups in ternary quasigroups are linear,
Cnl is the class of ”non-linear ternary quasigroups” - all 12
binary quasigroups in ternary quasigroups are non-linear and
C sl is the class of ”semi linear ternary quasigroups” - 6
quasigroups are linear and 6 are non-linear, more precisely, 2
of 4 binary quasigroups of each axes in ternary quasigroups
are linear and 2 are non-linear.
The quasigroups that belong to the class Cnl of non-linear
quasigroups are interesting for cryptographic purposes. The
research done for this class showed that there are sub class
such that all 12 binary quasigroups in a ternary quasigroup
from this sub class are pure non-linear. We noted this sub
class as C pnl - the class of ”pure non-linear ternary

Remark 2. Theorem 1 and Corollary 1 are also true for this
classification, if we have linear instead of fractal quasigroups
in theorem and non-linear (semi linear) instead of non-fractal
(semi fractal) in the corollary.

Class
C f ,l

Sub class

No. of elements

SubCl

24

SubCnl

72

SubC sl

144

Total

240

Table 5: Specific classification by linearity
The notations of the sub classes are same as the notations of
the classes given in the previous tables.
Our results about the sub class of pure non-linear ternary
quasigroups C pnl , showed that only 24 ternary quasigroups
that belong to this sub class.
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The same kind of classification can be made for the ternary
quasigroups of order k > 4, but the process of their
classification is tedious and time consuming, having in mind
their large number.
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