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Abstract: The aim of this paper is to define a vector valued ),( nkn + -
semigroup automata on vector valued free ),( nkn + -semigroup, with a special 
attention on vector valued ),( nkn + -formal languages recognizable by them 

)( nk > . 
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1. Introduction 
Let kn,  be positive integers, such that nk > , njkjn )1( +<< , tjnk += , 

nt < . 

Let B  be a nonempty set and let nkn BB !+:}{  be a mapping ( iB denotes the 
i -th Cartesian power of B ). Then we say that }){,(B  is an ),( nkn + -
groupoid. If ),...,()),...,}(({ 11 nkn yyxx =+ , then we denote )(}{ 11

nkn yx =+ ; the 

symbol j
iz  will denote the sequence jii zzz ...1+  when ji ! , and empty se-

quence when ji > . 

An ),( nkn + -groupoid }){,(B  is called an ),( nkn + -semigroup or vector 
valued semigroup iff }}{{}}{{ 11111

m
ni

ni
i

im
n

n xxxxx ++
+
++ =  for every ki !!1 . 

Example 1.1: Let },{ baB = , 2=n , 3=k  and let 25:}{ BB !  be given by 
the Table 1. Then }){,(B  is a )2,5( -semigroup. 

This example of )2,5( -semigroup is generated by an appropriate computer 
program. 
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A semigroup automaton is a triple )),,(,( fBS ! , where S is a set, ),( !B  is a 
semigroup, and SBSf !":  is a map satisfying 

),()),,(( yxsfyxsff !=  for every Ss! , Byx !, . 

The set S is called the set of states of )),,(,( fBS !  and f  is called the transi-
tion function of )),,(,( fBS ! . 

An ),( nkn + -semigroup automaton is a triple )}),{,(,( fBS , where S is a 

set, }){,(B  is an ),( nkn + -semigroup, and tnnj BSBSf !+ "#" )1(:  satisfy-
ing 

...)},{,,()},{,()),,(( 2
1

1
)1(

2111
)1(

11
)1(

1 === +
+

+++
+

+++ tjn
t

tnjtjn
t

tnjtjnnj yyxxsfyyxsfyxsff  

}){,,(... 1
)1(
11

tjnnj
jn

jn yxxsf ++
+=   

for every ByyxxSs tjnnj ∈∈ ++ ...,,,...,,, 1)1(1 . 

The set S is called the set of states of )}),{,(,( fBS  and f  is called the tran-
sition function of )}),{,(,( fBS . 

For the given n, k let p be the least non-negative integer, such that 
)(mod0 kkn !+ . 

1.10 If )}),{,(,( fBS  is an ),( nkn + -semigroup automaton, then for every 
pBc! : 

i) ),( c
nB !  is a semigroup, where the operation c∗  is defined by 

}{ xcyyx c =! ; 

ii ) )),,*(,( !c
ntn BBS "#  is a semigroup automaton, where the transition func-

tion tnntn BSBBS −− ×→××:ψ  is defined by 

),,,()),,(( 1111 cyxsfyxs ntnntn !! =" .!  

1.20 Let )),,(,( !"BS  be a semigroup automaton. Then )}),{,(,( fBS  is an 
),( nkn + -semigroup automaton, where the transition function 

tnnj BSBSf !+ "#" )1(:  is defined by 

),...,,)...,((),( )1(121
)1(

1 njkk
nj xxxxxsxsf ++

+ !!!= "  and the ),( nkn + -operation is 

defined by ),...,,...(}{ 21211 knkk
kn xxxxxx +++

+ ⋅⋅⋅= .    !  
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Example 1.1': Let }){,(B  be an )2,5( -semigroup 
from Example 1.1 and },,{ 210 sssS = . An )2,5( -
semigroup automaton )}),{,(,( fBS  is a set S togeth-

er with a mapping BSBSf !"! 4:  satisfying  

== )},{,()),,(( 3
21

4
1

3
1

4
1 yyxsfyxsff  

  }){,,()},{,,( 3
1

4
3

2
13

2
1

4
21 yxxsfyyxxsf ==  

 for every ByyyxxxxSs !! 3214321 ,,,,,,, . 

This )2,5( -semigroup automaton is given by Table 1'. 

This example of )2,5( -semigroup automaton is gener-
ated by computer. 

2. Definition of semigroup automaton 

This section is about definition of an ),( nkn + -semigroup automaton on a free 
),( nkn + -semigroup with a basis B . A construction of a free ),( nkn + -

semigroup is given in [1] and there we will use the same note. 

Let B  be a nonempty set. We define a sequence of sets ...,,,...,, 110 +pp BBBB  

by induction as follows: BB =0 ; 

 { }   

a  a  a  a  a (a,a) 
a  a  a  a  b (a,a) 
a  a  a  b  a (a,a) 
a  a  a  b  b (a,a) 
a  a  b  a  a (a,a) 
a  a  b  a  b (a,a) 
a  a  b  b  a (a,a) 
a  a  b  b  b (a,a) 
a  b  a  a  a (a,b) 
a  b  a  a  b (a,b) 
a  b  a  b  a (a,b) 
a  b  a  b  b (a,b) 
a  b  b  a  a (a,b) 
a  b  b  a  b (a,b) 
a  b  b  b  a (a,b) 
a  b  b  b  b (a,b) 
b  a  a  a  a (b,a) 
b  a  a  a  b (b,a) 
b  a  a  b  a (b,a) 
b  a  a  b  b (b,a) 
b  a  b  a  a (b,a) 
b  a  b  a  b (b,a) 
b  a  b  b  a (b,a) 
b  a  b  b  b (b,a) 
b  b  a  a  a (b,b) 
b  b  a  a  b (b,b) 
b  b  a  b  a (b,b) 
b  b  a  b  b (b,b) 
b  b  b  a  a (b,b) 
b  b  b  a  b (b,b) 
b  b  b  b  a (b,b) 
b  b  b  b  b (b,b) 

Table 1 

f s0 s1 s2 
a  a  a  a (s1,a) (s1,a) (s2,a) 
a  a  a  b (s1,a) (s1,a) (s2,a) 
a  a  b  a (s1,a) (s1,a) (s2,a) 
a  a  b  b (s1,a) (s1,a) (s2,a) 
a  b  a  a (s2,b) (s1,a) (s2,a) 
a  b  a  b (s2,b) (s1,a) (s2,a) 
a  b  b  a (s2,b) (s1,a) (s2,a) 
a  b  b  b (s2,b) (s1,a) (s2,a) 
b  a  a  a (s1,a) (s2,a) (s2,b) 
b  a  a  b (s1,a) (s2,a) (s2,b) 
b  a  b  a (s1,a) (s2,a) (s2,b) 
b  a  b  b (s1,a) (s2,a) (s2,b) 
b  b  a  a (s2,a) (s2,b) (s2,b) 
b  b  a  b (s2,a) (s2,b) (s2,b) 
b  b  b  a (s2,a) (s2,b) (s2,b) 
b  b  b  b (s2,a) (s2,b) (s2,b) 

i. Table 1' 
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Let pB  be defined, and let pA  be the subset of pB  of all the elements sknu +
1 , 

1, !" sBu p# . Define 1+pB  to be nppp NABB !"=+1 , where 

},...,2,1{ nNn = . 

Let pp
BB

0!
"= . Then Bu !  iff Bu∈  or ),( 1 iuu skn+=  for some Bu !" , 

nNis !" ,1 . 

Define a length for elements of B , i.e. a map NNB (: ! -the set of posi-

tive integers) as follows: 

10 If Bu∈ , then 1=u ; 

20 If ),( 1 iuu skn+= , then sknuuuu ++++= ...21 . 

By induction on the length we are going to define a map BB !:" . For 

Bb! , let bb =)(! . Let Bu !  and suppose that for each Bv!  with uv < , 

Bv !)("  and 

(1) If vv !)(" , then vv <)(! ; 

(2) )())(( vv !!! = . 

Let ),( 1 iuu skn+= . Then, for each Bvu != ""#" )(,  is defined, !!" uu #)(  

and )())(( !! """ uu = . Let ),( 1 ivv skn+= . 

(i) If for some !!! vu ", , then !! uv < , and so, uv < . In this case let 

)()( vu !! = . 

Because uv <  it follows that )(v!  is defined, and moreover, (1) and (2) im-

ply that uuuvvu !<"= )(,)()( ### , and )()())(())(( uvvu !!!!!! === . 

(ii) Let !! vu =  for each ! . Then vu = . Suppose that there is }...,,1,0{ skl !  

and 1≥r , such that ),( 1 !!
nrk

l wu +
+ =  for each nN∈ν  and let t  be the smallest 

such l . In this case, let 

),()( 111 iuwuu nsk
nt

nrkt +
++

+= !! . 

Because uiuwu nsk
nt

nrkt <+
++

+ ),( 111  it follows that )(u!  is well defined, and more-

over, (1) and (2) imply that uuuu <! )(,)( ""  and )())(( uu !!! = . 
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(iii) If )(u!  can not be defined by (i) or (ii), let uu =)(! . In this case, 

uuu == )())(( ϕϕϕ  and uu =)(! . 

The above discusion and (i), (ii) and (iii) complete the inductive step, and so 
we have defined a map BB !:" . Moreover, we have proved the following: 

Lemma:  
(a) For Bb ! , bb =)(! ; 

(b) For eash uuBu !" )(, # ; 

(c) For Bu ! , if uu !)(" , then uu <)(! ; 

(d) For each Bu ! , )())(( uu !!! = .      !  

Now, let )(BQ != . By Lemma (d), })(,|{ uuBuuQ =!= " . 

Define a map [ ] nkn QQ !+: , by [ ] ),()( 111 iuvvu kn
i

nkn ++ =!= "  for each 

nNi ! . 

Because Qu j ! , it follows that Biu kn !+ ),( 1 , and so Qiu kn !+ ),( 1"  for each 

nNi ! . Hence [ ] is well defined. 

Theorem 2.1: [ ]),(Q  is a free ),( nkn + -semigroup with a basis B . ([1]) 

Let )}),{,(,( fBS  be an ),( nkn + -semigroup automaton. 

Now, we define a sequence of maps ...,,,...,, 110 +pp !!!!  for a sequence of 

sets ...,,,...,, 110 +pp BBBB  by induction as follows: 

000 : BB !"  with bb =)(0! , for each 0Bb! ; 

011 : BB !"  with ibib }{),( 111
!!" = ; 

022 : BB !"  with iuuiu )}(...)({),( 11112 !
! """ = ; 

!  

0: BBpp !"  with ippp uuiu )}(...)({),( 1111 !
! """ ##= ; 

!  

In this case pBp p
!! =+1 . 

Because pp
BB

0!
"= , we define a map 0: BB !"  with )()( uu p!! =  for 

Bu∈ and pu ≤ . Now we will prove that ψ  is well defined. If 
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),),)...(,(( 11111 iuiwiwuu tkn
nrn

sknsknr +
++

++= , ),( 111 iuwuv tkn
nr

sknr +
++

+=  and )()( vu !! = , 
we have to prove that )()( vu !! = . We have  

=== +
++

++ ),),)...(,(()()( 11111 iuiwiwuuu tkn
nrn

sknsknr
pp !!!  

== +!++!
+

!
+

!!! itknpnrpn
skn

p
skn

prpp uuiwiwuu )}()...(),()...,()()...({ 11111111111 """"""  

...)}()...(){()...({
1212111 isknpprpp wwuu +!!!!= """"  

 =+!++!+!! itknpnrpisknpp uuww
n

)}()...()}()...(...{ 111212 """"  

itknpnrpsknpprpp uuwwuu )}()...()()...()()...({ 111111111 +!++!+!!!!= """""" , 

=== +
++

+ ),()()( 111 iuwuvv tkn
nr

sknr
pp ψψψ  

itknpnrpsknpprpp uuwwuu )}()...()()...()()...({ 111111111 +−++−+−−−−= ψψψψψψ . 

Hence )()( vu !! = . On the other hand, )(BQ != , so it follows that the re-
striction of ψ  on Q is well defined. 

Now again, we define a sequence of maps ...,,,...,, 110 +pp !!!!  for a sequence 

of sets ...,,,...,, 110 +pp BBBB  by induction as follows: 

tnnj BSBS !+ "#" 0
)1(

00 :$  with ),(),( )1(
1

)1(
10

njnj usfus ++ =! ; 
tnnj BSBS !+ "#" 0

)1(
11 :$  with 

  =+
+
+

+ )),(...,),,(),,(,( )1(
)1(

1,)1(2
2
211

1
111

)1(21
nj

nj
nj iuiuius nj!!!"  

  )),(,...,),(),,(,( )1(
)1(

1,)1(12
2
2111

1
111

)1(21
nj

nj
nj iuiuiusf nj

+
+
+

+!!! """ ; 
tnnj BSBS !+ "#" 0

)1(
22 :$  with 

  =+
+
+

+ )),(...,),,(),,(,( )1(
)1(

1,)1(2
2
211

1
112

)1(21
nj

nj
nj iuiuius nj!!!"  

  )),(,...,),(),,(,( )1(
)1(

1,)1(22
2
2121

1
112

)1(21
nj

nj
nj iuiuiusf nj

+
+
+

+!!! """ ; 

!  
tnnj

pp BSBS !+ "#" 0
)1(:$  with 

  =+
+
+

+ )),(...,),,(),,(,( )1(
)1(

1,)1(2
2
211

1
11

)1(21
nj

nj
njp iuiuius nj!!!"  

  )),(,...,),(),,(,( )1(
)1(

1,)1(2
2
211

1
11

)1(21
nj

nj
njppp iuiuiusf nj

+
+
+

+!!! """ ; 

!  
Now, we define a map !  for the sequence of maps ...,,,...,, 110 +pp !!!!  by 

tnnj BSBS !+ "#" 0
)1(:$ , so that pBp

!! =|  and  
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=+
+
+

+ )),(...,),,(),,(,( )1(
)1(

1,)1(2
2
211

1
11

)1(21
nj

nj
nj iuiuius nj!!!"  

 == +
+
+

+ )),(...,),,(),,(,( )1(
)1(

1,)1(2
2
211

1
11

)1(21
nj

nj
njp iuiuius njααατ

 == +
+
+

+ )),(...,),,(),,(,( )1(
)1(

1,)1(2
2
211

1
11

)1(21
nj

nj
njppp iuiuiusf nj!!! """  

 )),(...,),,(),,(,( )1(
)1(

1,)1(2
2
211

1
11

)1(21
nj

nj
nj iuiuiusf nj

+
+
+

+= !!! """ . 

Because ψ  is well defined, it follows that !  is well defined. On the other 

hand, )(BQ != , so !  denotes the map tnnj BSQS !+ "#" 0
)1(:$  defined by 

=+
+
+

+ )),(...,),,(),,(,( )1(
)1(

1,)1(2
2
211

1
11

)1(21
nj

nj
nj iuiuius nj!!!"  

 == +
+
+

+ )),(...,),,(),,(,( )1(
)1(

1,)1(2
2
211

1
11

)1(21
nj

nj
nj iuiuius nj!!!"  

 )),(...,),,(),,(,( )1(
)1(

1,)1(2
2
211

1
11

)1(21
nj

nj
nj iuiuiusf nj

+
+
+

+= !!! """ . 

Moreover, )]),[,(,( !QS  is an ),( nkn + -semigroup automaton, where ])[,(Q  
is a free ),( nkn + -semigroup with a basis B . 

3. Characteristics 

Any subset ),( nknL +  of skn

k
QQ +

≥
∪=
0

* , where Q  is a free ),( nkn + -semigroup 

with a basis B , is called an ),( nkn + -languages on the alphabet B . 

An ),( nkn + -language *),( QL nkn !+  is called recognizable if there exists: 

(1) an ),( nkn + -semigroup automaton )}),{,(,( fBS , where set S is finite; 

(2) an initial state Ss !0 ; 

(3) a subset ST ! ; and 

(4) a subset tnBC !"  

such that 1,...|{ 21
*),( !="= ++

+ qwwwwQwL jnnkq
nkn  and 

=++!++!++!
+++ ))(,...),(),(),,(,...),2,(),1,(,( 121111110 jnnkqpnkqpnkqp

nkqnkqnkq wwwnwwws """#

=++!++!
++++++

! ))(,...),(),,(,...),2,(),1,(),(,( 121
1

2
1

2
1

2110 jnnkqpnkqp
nkqnkqnkq

p wwnwwwws """#
})),(,...,)1,(),(,...),(,(... 111110 CTnwwwws njnkq

jn
njnkq

jnjnpp !"= ++
+

++
+## $$% , 

where )]),[,(,( !QS  is the ),( nkn + -semigroup automaton constructed above, 
for the ),( nkn + -semigroup automaton )}),{,(,( fBS . 

We also say that the ),( nkn + -semigroup automaton )}),{,(,( fBS  recogniz-
es ),( nknL + , or that ),( nknL +  is recognized by )}),{,(,( fBS . 
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Example 3.1: Let )}),{,(,( fBS  be )2,5( -semigroup automaton given in Ex-
ample 1.1'. 
We construct the )2,5( -semigroup automaton )]),[,(,( !QS  for the )2,5( -
semigroup automaton )}),{,(,( fBS . 

An )2,5( -languages )2,5(L , which is recognized by the )2,5( -semigroup au-
tomaton )]),[,(,( !QS , with initial state 0s  and terminal state ),( 1 as  is 

,...|{ 21
*)2,5(

qwwwwQwL =!=  5!q , where 
!"

!
#
$ %&

=
***

1

)(

,5),,(

ba

Quniu
w

n

l
'  , 

},...,2,1{ ql ! , and:  

a) If 1=i , then:  

 a1) aun =)1,( 1 , where *
111 ))(()(...)( hlt

npp ababaauu !="" ## , 

 a2) bun =)1,( 1 , where *
111 ))(()(...)( hlt

npp abababuu !="" ##    

b) If 2=i , then: 

 b1) aun =)2,( 1 , where *
111 )()()(...)( hlt

npp abaabauu ∪=−− ψψ ,  

 b2) bun =)2,( 1 , where *
111 )()()(...)( hlt

npp ababbauu !="" ## , 

and *2
1 )()()()(...)( hlt

qpp ababaabaww !!="" , for khlt 3=++ , 

...},2,1,0{,, !hlt , 1!k , 43 += kq  } . 

Let )1,2(L  is a language on the set nQ , where ),*( c
nQ  is a semigroup defined 

by Proposition 1.10. In the future, we will denote the language 
}|~{~ )1,2()1,2( LwwL ∈=  consisted of the word defined as a sequences of letters, 

i.e. w~  is a sequence of letters without commas. For examples, if )1,2(Lw∈  is 
of the form )1),2,()1,)(1,(( aaabaabaaaaw = , then )1,2(~~ Lbaaaabaaaaaw ∈= . 

3.10 Let ),( nknL +  be an ),( nkn + -language on the set B  recognized by the 

),( nkn + -semigroup automaton [ ] )),(,( ϕQS . Let [ ] )),(,( ϕQS  be an 

),( nkn + -semigroup automaton with an initial state 0s  and a set of terminal 

states tnBSCT −×⊆× . Then ),()1,2(
1

~ nkntn LcLx +! "  for each tntn Qx !! "1  and for 

any language )1,2(L , which is recognized by the semigroup automaton 
)),,*(,( !c

ntn QQS "#  with an initial state ),(' 100
tnxss != , a set of terminal 

states CT ! , where tnntn QSQQS !! "#"":$  is a transition function de-
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fined by ),,,()),,(( 1111 cyxsyxs ntnntn !! = "#  for pQc!  and p  is the least non-

negative integer, such that )(mod0 kpn ≡+ , and }|~{~ )1,2()1,2( LwwL ∈= . 

Proof: ),( nknL +  is a recognizable ),( nkn + -language on the set B  by the 

),( nkn + -semigroup automaton [ ] )),(,( ϕQS  with an initial state 0s  and a set 

of terminal states tnBSCT !"#" , so 

1,...|{ 21
*),( !="= ++

+ qwwwwQwL jnnkq
nkn  and 

=++!++!++!
+++ ))(,...),(),(),,(,...),2,(),1,(,( 121111110 jnnkqpnkqpnkqp

nkqnkqnkq wwwnwwws """#

== ++!++!
++++++

! ))(,...),(),,(,...),2,(),1,(),(,( 121
1

2
1

2
1

2110 jnnkqpnkqp
nkqnkqnkq

p wwnwwwws """#
})),(,...,)1,(),(,...),(,(... 111110 CTnwwwws njnkq

jn
njnkq

jnjnpp !"= ++
+

++
+## $$% . 

By Proposition 1.10, )),,*(,( !c
ntn QQS "#  is a semigroup automaton. It rec-

ognizes a language )1,2(L  with a set of initial states ),(' 100
tnxss !=  and a set of 

terminal states CT ! , so it is of the form }),'(|)({ 0
*)1,2( CTwsQwL n !""= # . 

Let )1,2(Lw! . It follows that *)( nQw!  and CTws !"),'( 0# . But 

),(' 100
tnxss != , so 

CTwswxscwxscnwwwxs tntntn !"=== ### ),'()),,((),,,()),,~(),...,2,~(),1,~(,,( 0101010 $$%% . 

Thus ),(
1

~ nkntn Lcwx +! " , i.e. ),()1,2(
1

~ nkntn LcLx +! " .    g  

3.20 Let )1,2(L  be a recognizable language on the set B  by a semigroup autom-
aton )),,(,( !BS  with an initial state Ss !0  and a set of terminal states 

ST ! , and )}),{,(,( fBS  be an ),( nkn + -semigroup automaton constructed 

by a semigroup automaton )),,(,( !BS . Let tnnj BSBSf !+ "#" )1(:  is a tran-

sition function defined by )),,((),( )1(
11

)1(
1

nj
k

knj xxsxsf +
+

+ = ! . Then 
),(

1
)1,2( nkntn LaL +! " , for each tntn Ba !! "1 , where ),( nknL +  is a recognizable 

),( nkn + -language on the set B  by the ),( nkn + -semigroup automaton 

[ ] )),,(,( !QS  with an initial state Ss ∈0  and a set of terminal states 

}{ 1
tnaT −× . 

Proof: An language )1,2(L  is recognizable by a semigroup automaton 
)),,(,( !BS  with initial state Ss !0  and a set of terminal states ST ! , so 

}),(|{ 0
*)1,2( TwsBwL ∈∈= ξ . 
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By Proposition 1.20, )}),{,(,( fBS  is an ),( nkn + -semigroup automaton. We 

construct an ),( nkn + -semigroup automaton [ ] )),,(,( !QS , where )(BQ ϕ=  

and tnnj QSQS −+ ×→× )1(:ϕ  is a transition function defined by 

=+
+
+

+ )),(...,),,(),,(,( )1(
)1(
1,)1(2

2
211

1
11

)1(21
nj

nj
nj iuiuius njαααϕ  

  )),(,...,),(,),(,( )1(
)1(
1,)1(2

2
211

1
11

)1(21
nj

nj
njppp iuiuiusf nj

+
+
+

+= ααα ψψψ . 

It follows that a recognizable ),( nkn + -language ),( nknL +  on the set B by 

),( nkn + -semigroup automaton [ ] )),,(,( !QS , with an initial state Ss !0  

and a set of terminal states }{ 1
tnaT !"  is of the form 

1,...|{ 21
*),( !="= ++

+ qwwwwQwL jnnkq
nkn  and 

=++!++!++!
+++ ))(,...),(),(),,(,...),2,(),1,(,( 121111110 jnnkqpnkqpnkqp

nkqnkqnkq wwwnwwws """#

== ++!++!
++++++

! ))(,...),(),,(,...),2,(),1,(),(,( 121
1

2
1

2
1

2110 jnnkqpnkqp
nkqnkqnkq

p wwnwwwws """#
})),(,...,)1,(),(,...),(,(... 111110 CTnwwwws njnkq

jn
njnkq

jnjnpp !"= ++
+

++
+## $$% . 

Let )1,2(Lw! , 1!++" jnnkqw  i.e. 1
1

!++= jnnkqww , 1!q  and tntn Ba !! "1 . 

Then =!
!++!++!

+++ )),(),...,(),,(),...,2,(),1,(,( 111111110
tn

jnnkqpnkqp
nkqnkqnkq awwnwwws ""#  

== ! )),(,( 10
tnaws" }{)),,(( 110

tntn aTaws !! "#$ . 

Thus ),(
1

nkntn Lwa +! " , i.e ),(
1

)1,2( nkntn LaL +! " .     g  
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