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Abstract: The aim of this paper is to define a vector valu@dt+k,n)-
semigroup automata on vector valued f(ae- k, n)-semigroup, with a seial
attention on vector value¢h + k,n)-formal languages recognizable by them
(k>n).
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1. Introduction

Let n,k be positive integers, sudhat k >n, jn<k<(j+Dn, k= jn+t,

t<n.

Let B be a nonempty set and igt: B™* ! B" be a mapping B' denotes the
i -th Cartesian power oB). Then we say tha(B,{}) is an (n+k,n)-

groupoid. If {}((X.,... X)) = (Vy,..Y,,), then we denotéx*} = (y;); the
symbol z' will denote the sequence z,.-z; whenil! j, and empty &

quence when > j.

An (n+k,n)-groupoid (B,{}) is calledan (n+Kk,n)-semigroup or vector

valued semigroup iff {{ x/}x” } ={x;{x//}x" .} foreveryl! i! k.

n+l.
Example 1.1: Let B={a,b}, n=2, k=3 and let{}: B°! B? be given by
the Table 1. TheriB,{}) is a(5,2)-semigroup.

This example of(5,2)-semigroup is generated by an appropriate computer
program.
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A semigroup automaton is a triple (S,(B,!), f), where S is a set,(B)!) is a
semigroup, andf : S" B! Sis a map satisfying

f(f(s,x),y) = f(s,x!y) foreverys! S, x,y! B.

The setS is called the set aoftates of (S,(B,!), /) and f is called theransi-
tion function of (S,(B,)), f).

An (n+Kk,n)-semigroup automaton is a triple (S,(B8.{}), /), where S is a

set, (B,{}) is an (n+k,n)-semigroup, ath f:S" BV # §" B"' satisk-

ing

S ™) p™) = fls ™ vik v/5) = fls,x{x™ v 150 =
BERICTIRT )

for everysesS, X;,.... X 0 Yo+ Yjnut EB-

The setS is called the set aftates of (S,(B,{}), /) and f is called theran-

sition function of (S,(B.{}), /).

For the givenn, k let p be the least nenegative integer, such that
n+k! O(modk).

1.1° If (S,(B.{}), /) is an (n+k,n)-semigroup automaton, then for every

c! B":

i) (B",),) is a serngroup, where the operation:, is defined by

x!.y={xa};

i) (S#B"',(B",*,),! ) is a semigroup automaton, where the transitio-fun

tion Y:SxB"'xB" = SxB"" is defined by
(s X",y = fs X", y0)!

1.2° Let (S,(B"),/) be a semigroup automaton. The®,(B.{}), /) is an

(n+k,n)-semigroup  automaton, where the transition function
f . Sn B(j+l)n Sn Bn!t iS deﬂned by

Slo,x ™) = ("(5,x, 130, L), Xpagne X jpy,) N the(n+ k, n)-operation is

defined by{x"**} = (xl-xz-...-xk+1,xk+2,..., X ) !



3" Int. Conf. CiiT, Molika, Dec.145, 202 99

{} Example 1.1": Let (B,{}) be an (5,2)-semigoup
aaaa E (@a) | from Example 1.1 andS={s,,s;,s,}. An (52)-
222 ea semigroup automatofs, (B{}), /) is a setS toget-
aaabb| (@a) | erwithamappingf:S! B*" S! B satisfying
aabaal (aa) i 3 . .
aabab| (aa ] f(F(sX).y)=Tf(s{xV}y:)=
R TR AR ORRCER e
Z E Z Z z E:’Eg for everyS! S’ X15X2=X39X4ay1>y2’y3! B
ababa (a:b) : - s 5
ababb]| (ab)
abbaal (ab) aaaal (28 | (518 | ()
abbab| (ab) aaab| (sa) | (58) | (s8)
abbbal (ab) aabal (8 | (s18) | ()
abbbb| (ab) aabbl (sa) | (53) | (%a)

b aaaal (ba) abaal (0] (53) | ($3)

baaab| (ba) ababl| (sb| (sa) | (%3)

baabal ba abbal (sb)] (53) | (3)

baabb| (ba abbbf (sb)]| (53) | (s8)

babaa (b:a) baaal(sa)| (%a) | (sub)

babab| (ba) baabl| (s8] (s2a) | (s2b)

babbal (ba babal ()] (s2a) | (s:b)

babbb| (ba) babbl (s3] (sa)]| (sb)

bbaaal (b bbaal(s)| (sb) | (s2b)

b baab| (b bbabl (s)| (sb) | (s2b)

bbabal (b bbbal(sx) | (sb) | (s2b)

b babb| (bb) bbbb](2a)]| (sb) | (b

bbbaal(bb) _ I Table 1 o

bbbab| (bb) | This(52)-semigroup automaton is given bgble 1'.

E E E E E EEE; This example of(5,2)-semigroup automaton is gene
Tablel  ated by computer.

2. Definition of semigroup automaton

This sectioris about definition of ar{n + k, n)-semigroup automaton on a free
(n+k,n)-semigroup with a basid8. A construction of a fregn+k,n)-

semigroup is given in [1] and there we will use the same note.
Let B be a nonempty set. We define a sequence ofg8,,...,B,,B

> Pp+1ocer

by induction as followsB, = B;
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Let B, be defined, and lefA, be the subset oB, of all the elemats u;"™",
u," B,,s!'1l. Define B to be B,,=B," A/! N, where
N, ={12,...,n}.

Let B = " B,. Then u! B iff ueB or u=(u"*,i) for someu.! B,
p

s"L1i! N,.

Define alength for elements ofB , i.e. amagd |: B! N (N-the set of pds
tive integers) as follows:

1°1f ueB, thenju| =1;

p+1

2°1f u=(u™,i), then|u| =|uy| +|u,| +...+u

n+sk
By induction on the length we are going to define a nfafB! B. For
b! B, let/(b)=b.Letu! B and suppose that for eagh B with v <|ul,
“(v)! B and

(D) If “(v) ! v, then|/ (V)| <;

2) /(7 (v)=1(v).

Let u=(u*,i). Then, for each’, #(u.)=v. ! B is defined,
and “("(u,))="(u,). Let v=(v]",i).

(i) If for some/,u, " v,, then
F(u)=7(v).

Becausqv| < |u| it follows that / (v) is defined, and moreover, (1) and (&)1
ply that [#(u)| = [#(v)| " M <|u] ,#u)! u, and/ (/ (u)) =/ (/ (V) =/ (v) =/ (u).

(i) Let u, =v, for each’/ . Thenu=v. Suppose that there id {01,...,sk}
andr =1, such that,,, =(w*™",/) for eachvE N, and lett be the smallest

suchl . In this case, let
LUy =7 (uiwErugen iy,

t+n+l°

#

“(u)

u,

<

v, , and so,|v| <|u|. In this case let

u,

Becausq(u;vvl’k*“us““ i)‘ <|u| it follows that / (u) is well defined, and mer

over, (1) and (2) imply that (u) ! u, |” ()| <[u| and/ (/ (u)) =/ (u).
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(iii) If 7 (u) can not be defined by (i) or (ii), let (u) =u. In this case,
@(p(u)) = p(u) =u and|/ (u)| =|u|.

The above discusion and (i), (ii) and (iii) complete the inductive step, and so
we have dfined a map’: B! B. Moreover, we have proved the following:

Lemma:

(a) Forb! B, /(b)=Db;

(b) For eastu” B, [#(u)|! |u;

(c) Foru! B, if "(u)! u, then |/ (u)| <|u;

(d) For eachu! B, / (/ (u)) =/ (u). !
Now, letQ =/ (B). By Lemma (d),Q ={u|u! B,"(u)=u}.

Define a map[ ]:Q™ 1 Q", by [ul’”kJ:(v{‘)! v, =" (uM,i) for each
il N,.

Becauseu; ! Q, it follows that (u™,i)! B, and so”(u;™,i)! Q for each
il N,. Hence[ ] is well defined.

Theorem 2.1: (Q,[ ]) is a free(n + k,n)-semigroup with a basiB . ([1])

Let (S,(B.{}), /) be an(n+k,n)-semigroup automaton.

Now, we define a sequence of mapsg,/ ,,...,/
setsB,,B,,....,B,, B,
" 0By ! B,with 7 (b)=b, for eachb! B;

" B! By with ” (b ,i)={b/},;

",iB, ! Bywith “,(uy i) ={",(u).." (U, )}

I

"Byt Bywith 7 (UL = (" (U).  (U))
I

p,./ pHLre for a £quence of

. by induction as follows:

=/

In this case/ B, =/ pr

p+1

BecauseB = ;'!OBP, we define a map’ :B! B, with / (u) =/ o(u) for

u€Band |u<p. Now we will prove thaty is well defined. If
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= (] w0 O™ 0 7 D), V= (WS, i) and 7 (u) =/ (v),
we have to prove that (u) =/ (v). We have

F) =/ Uy =7 (W) (T U ) =

={ (W) (U)o (W) o (1) o U)o i (U )i =
={" pra(U)- G (U (W) o (W -

e 2 (W) s (Worsd i, pra (Urinaa ) s (U )b =

={" o2 (Uy)-" (U)o (WE) " ot (Waesi)™ i (Ursnen)- " o1 (U )} i
W) =y, ) =y, @ w w0 =

2L D NV 780 0 Q100 W VST GOS0 CYAED W VM1 T 1 38

Hence!/ (u) =/ (v). On the other handQ =/ (B), so it follows that thea-
striction ofy on Q is well defined.
Now again, we define a sequence of mapd,,...,/ .,/ ,,,... for a ®quence

of setsB,B,,...,B,,B,,,,... by induction as follows:
$ :S" B # S B with 7 (s,ul’™") = f(s,ul!™");
$:S"BUM"# S B with
(8 (U 1), (U2 12), e (UG s ™ ) =
f(s”,(uipi 1),"1(u§12,|2 (UG e )
$,:S" BI™"# S" B with
(8 (Ui 1) (U271 s (U™ ) =

n — H n” —2, (.+1) / j+Hn  § .
f(S1 2(u111/1’|1)’ 2(u21 ’|2)1"" 2(u(1‘1+1)nn,1(J ! ’I(j+1)n))’

$,:S" B # S" Byt with
"o (8 (U511 (U 1), e (UG s ™ ) =
ORI (e R (v 9 PPN (MR N &
!
Now, we define a mag for the sequence of maps,/,,...,/

g s BU*n # g Bg!t, so that/ |Bp:_/p and

p,!p+1,... by
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" ( +1) +1)n -
(81 (ui!llill) (U212, 2) ( J]+1)rr111(J Y (j+1)n)) -
2 ( 1) n g
=T (S (u11 ,p), (U5 az,'z) (U(inl)rr:(;“ ” +; ))
" " +)n —_
- f(S (ulll’ll) (U212,|2) ( (j+)n (J ) I(]+l)n))_
—_ " n 2! n ( +l) +1)n
- f(S, (ui-ll’ll)1 (U212,|2 ( (JJ+1:1J Y 1|(j+1)n))'

Becausey is well defined, it follows that is well defined. On the other
hand,Q =7 (B), so’ denotes the mag : S" QU™ # S" B'' defined by

- H 2/ H ( +1) +1)n —_
(s, (Uﬁl,'l)a(uziz 5)5en(U J]+1):1(J Y I(j+1)n)) =
/] 2 +1) ! n —_
="(s, (Ulllll,h),(uziz 5), (U(JJ+1 :1“ ” j+1)n)) =
—_ " n 2! n ( +l) +1)n
- f (Sl (ujj_-j_lill) (u /21 2)1 ( (JJ+1:1(J Y j+1)n))'

Moreover, (S,(Q,[ 1),7) is an(n+k,n)-semigroup automaton, whe(®,[ 1)
is a free(n + k, n)-semigroup with a basis .

3. Characteristics

Any subset."**" of Q" = kLzJOQ"”", where Q is a free(n +k, n)-semigroup
with a basisB, is calledan (n+ k, n)-languages on the alphabeB .

An (n+k,n)-languag L™*" | Q" is calledrecognizable if there eists:

(1) an(n+ k,n)-semigroup automato(s,(B,{}), f), where sefS is finite;

(2) an initial states,! S;

(3) asubseT ! S; and

(4)asubseC" B"!

such thatl™" ={w" Q" |W=WW, ..W. ., q! 1and

#(SO ( kq+n 1) ( kq+n 2) (qu+n n)!" pll(qu+n+1)’" pll(qu+n+2)7 ’" pll(qu+n+jn)) =
kg+n+1 +n+1 k +n+1
I e I VA R

k&+]n+n

=%Us,,$ p#l(W) p#l(W]n) (an+1 A ey (W jn+1 ’n))
where (S,(Q,[ ]),7) is the(n + Kk, n)-semigroup automaton constructed above,
for the (n + Kk, n)-semigroup automatogs, (B,{}), 1).

We also say that thén + k, n)-semigroup automato(s, (B,{}), /) recogniz-
es L™ or that L™ "™ is recognized by (S,(B.{}), f).

I1(Wk n+]n))_
? %:}
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Example 3.1: Let (S,(B.{}), /) be (52)-semigroup automaton given irx£
ample 1.1'
We construct the(5,2)-semigroup automatorfS,(Q,[ ]),7") for the (5,2)-
semigroup automato(s,(B.{}), /).
An (5,2)-language L®?, which is recognized by thé5,2)-semigroup a-
tomaton(S,(Q,[ 1),7), with initial states, and terminal stat¢s, ,a) is
. u',i), N&5,u. %
L& ={w! Q" |[w=ww,..w,, q! 5, where w :ﬂ;(t *)* Q :
h(ab)

1 {12,...,q}, and:
a)lf i =1, then:

al) (uy ) =a, where# . (u)..# ., (u,) =a(@! b)@b'a")’,

a2) (u 1) =b, where# .., (u,)..# ,,(u,) =b(a! b)@b'a")’
b) If i =2, then:

bl) (u,2) =a, wherey ()., (u,) =(aUb)a(a'b'a"),

b2) (u]',2) =b, where# .., (u))..# ., (u,) =(a! b)ba'b'a")’,
and " _(w).." (w,)=(a! bja(a! b)*(a'b'a")’, for t+l+h=3k,
t,l,h! {012,..}, k!'1,g=3k+4}.
Let L®Y is a language othe setQ”, where (Q",*.) is a semigroup efined
by Propositon 14 In the future, we will denote the language
L®Y = (5| we L*"} consisted of the word defined as a sequences of letters,

i.e. W is a segence of letters without commas. For examplesy & L*" is

of the formw = ((aaa,l)(aba,l)a(aaab,2),l), theny = aaaabaaaaab € L.

3.1° Let L™*" pe an (n+k,n)-language on the seR recognized by the
(n+Kk,n)-semigroup automaton(S,(Q[ ]),@). Let (S,(Q[ ]),@) be an
(n+k,n)-semigroup automaton with an initial statg and a set of terminal
statesTxC C Sx B"". Thenx™'L?Y¢c" L™k for each x™' " Q' and for
any language L*”, which is recognized by the semigroup automaton
(S#Q™',(Q",*.),/ ) with an initial states,=(s,,x""'), a set of terminal
statesT! C, where$ :S" Q™'" Q" # S" Q™' is a transition function e+
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fined by #((s,x""),y§) =" (s, x"",y;,c) for ¢! QP and p is the least non
negative integer, such that p = 0(modk), and L®" = {iw | we L},

Proof: [**" is a recognizable(n+k,n)-language on the seB by the
(n+Kk,n)-semigroup automato(]S,(Q[ ]),(_p) with an initial states;, and a set
of terminal state§ " C# S" B"', so

LD ={w" Q" | W=WW, ..Wq. ., 0! 1and

#(SO (qu+n 11)1(W1kq+n !2)!"'1 (\qum ’ n)! ! p! 1(qu+n+1)' ! p! 1(qu+n+2)1 " ! p! 1(qu+n+jn )) =
—#(Sm p.l(Wl),(Wzk“*”+l 1) (qu+n+l 2),-. ,(ka‘””1 2" oy (Wenea) -

q31n+n

/((SO p#l(vvl)! p#l( ]n)( jn+l ) ( jn+l n))

By Proposition 1.4, (S#Q"*,(Q".*.),/ ) is a semigroup automaton. ltcre
ognizes a language®” with a set of initial states', = (s,, %" ') and a set of
terminal statesT ! C, so it is of the form*» ={w" (Q")" |#(s,,w)" T! C}.

Letw! L®Y. It follows that w! (Q")" and#(s,,w)" T!C. But

P' 1( k&n*}jn )) =

So=(S,X '), SO
Sy, X" L (W), (W,2), ....(W,n), ) = FHs,, %™, W, €) =5 (S, %), W) =8 (S,,W)" T! C.
Thus x"'we" L™, j.e. xl””L(z’l)c" [ (n) g

3.2° Let L®Y be a recognizable language on the Bety a semigroup auto-
aton (S,(B,| |),/) with an initial states,! S and a set of terminal states

T! S, and(S,(B{}), f) be an(n+k,n)-semigroup automaton ostructed
by a semigroup automato($, (B,| [)./). Let f:5" BU # s g is a tran-
siton function defined by f(sxU"™")=((s HX1 H) x79").  Then

L&DgMt LM for each a'" B™', where L™ is a recognizable
(n+k,n)-|anguage on the seB by the (n+k,n)-semigroup automaton
(S,(Q,[ ]),.7' ) with an initial states, €S and a set of terminal states
Tx{a'™"}.

Proof: An language L*" is recognizable by a semigroup automaton
(S.(B/]| |)./) with initial states,! S and a set of terminal stat@s! S, so

L*" = {wEB" |&(s,, W) ET}.
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By Proposition 1.2 (S,(B{}), f) is an(n+k,n)-semigroup autoaion. We
construct an(n + k,n)-semigroup automato(S, (Q,[ ]),_7'), where Q = ¢(B)
and @ : Sx Q™" — §x Q" is a transition function defined by
P, ) 0 (U5 Yo (U s ) =

= S, @0 03 Yt G )
It follows that a recognizablén +k,n)-language L"**” on the setB by
(n+k,n)-semigroup automatorgs, (Q,[ ]),.7'), with an initial states,! S
and a set of terminal stat@s' {a," '} is of the form

(n+k,n) _— —
L ={w" Q | W=WW, .. W, .0, 91 1and

#(SO ( kq+n 1) ( kq+n ) (qu+n n)!" pll(qu+n+1)’" pll(qu+n+2)7 ’" pll(qu+n+jn)) =

_#(So’ .1(W1) (W™ 1) (WEq+n+l 2),ever (WT 1), (W0 ) ey
o p p#l( 1) p#l( ]n)( (Tr?flmm ) p( Jn+1ﬂha ,n))

Let w! L(z’l), V\,1" kq+n+jn! 1i.e. szlkq“””“l, g! Landa' " B,
ThenZ(s,, (W™ 1), (W,2),.o.. (W™ 1), s Wegemea) e 1 (Wi )85 ) =
=" (sp,(war')) = ($(so. W) al )# T {a '}

Thuswa™ " LD je L@Dgnt [k g

'1(Wk n+]n)) =
PR C(L:}
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